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Multitori are complex structures consisting of more than one torus. They may 
occur in nanostructures, such as spongy carbon or zeolites (by self-assembling of 
some monomers) or even in biological systems. Topological symmetry, providing 
automorphisms of the constitutive subgraphs of multitori, can be found by means 
of permutations on adjacency matrix of the associated graphs or by enumerating 
the rings around each vertex/atom, coupled with a centrality analysis. The chirality 
of the studied structures is induced by the snub polyhedral parents; its calculation 
was done by a chiral-routine implemented in the QCM software program  

 
 

INTRODUCTION* 
 

Chirality refers to the dichotomous diversity, as 
the mirror images of the two human hands, 
impossible to superpose to each other by rotation-
translation in the plane. The mirror images of a 
chiral molecule are called enantiomers.The 
term chirality comes from the Greek word for 
hand, χειρ (kheir); this term was introduced by 
Lord Kelvin1 in 1894. 

Chirality is one of the basic characteristics of 
biological structures, starting with aminoacids and 
glucides, as main constituents of animal body. 
Chirality is not a condition for biological activity; 
however, many biologically active molecules are 
chiral, then optical active. Enzymes, which are 
chiral, may distinguish between the two 
enantiomers of a chiral substrate. Chirality is a 
symmetry property. A chiral molecule has no 
                                                 
* Corresponding author: diudea@gmail.com 

improper axis of rotation Sn (which includes planes 
of symmerty and an inversion center) and is always 
dissymmetric but not asymmetric (no symmetry 
elements except the indentity). 

Multitori are complex structures consisting of 
more than one torus, embedded in negatively 
curved surfaces;2-6 they are supposed to result by 
self-assembling of some repeat units/monomers, 
formed e.g., by opening of cages/fullerenes and 
appear in natural zeolites7 or in spongy carbon.8,9 

A molecule is usually represented by a 
(molecular) graph G(V,E), where V is the set of 
vertices (atoms) and E is the set of edges (covalent 
bonds). The number of vertices in G equals the 
cardinality v=|V| of this set. A graph is said 
connected if any two vertices, i and j, are the 
endpoints of a path; otherwise it is disconnected; a 
molecular graph is always connected. The vertex 
degree d(i) is the number of edges incident in that 
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vertex. If all the vertices in G show the same 
degree, the graph is called a d-regular graph.10-13 In 
the hereafter text, only simple, undirected, without 
loops, graphs are considered. 

A graph may be represented by several 
topological matrices. The adjacency matrix A(G) is 
a v×v square table, with entries unity if the vertex 
pair (i,j) belongs to the set E and zero, otherwise. 
Distance matrix D(G) is also a v×v square, 

symmetric table, having the non-diagonal entries 
equal to the number of edges in the shortest path pi,j 
joining any vertex pair (i,j) (i.e., the topological 
distance: min l(pi,j)) while the diagonal entries are 
zero.13 

A third matrix, called a layer matrix14,15 is no 
more a square matrix; it is built on the layer 
partition of a vertex i in the graph G:  
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where ecci is the eccentricity of i (i.e., the largest 
distance from i to any other vertices of G). The 
entries in a layer matrix, LM, collect the vertex 
property pv (a topological, chemical, or physical 
property) for all the vertices v belonging to the 
layer G(i)j: 
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j from vertex i. The matrix LM is defined as: 
LM(G) = {[LM]ij;  i∈V(G );  j ∈ [0, d(G)] }, where 
d(G) is the diameter of the graph. The dimensions 
of the matrix are n×(d(G)+1), the zero-distance 
column being  just the column of vertex properties. 
The most simple property collected in a layer 
matrix is the vertex counting. Within this paper, 
the number of rings R around each vertex is 
considered as such a property; the corresponding 
layer matrix is named LR. Layer matrices are used 
to derive the indices of centrality C(LM), that 
collect the centrality of vertices: 
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The index of centrality allows to find the center of 
a graph and provides an ordering of  vertices 
according to their centrality.  
Ring Signature Index RSI, recently introduced by 
Diudea,16,17 collects the rings around the vertices of 
a structure, as follows: 
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“ring occurrence” or the ring signature, with s 
being the size of a “strong” ring18 occurring ks-
times around each vertex i. Next, RSi calculates a 
“mean ring signature” as the ratio (in x=1) of the 

first derivative to the “zero” derivative of the ring 
occurrence polynomial. The summation of RSi over 
all vertices i is further mediated to the number of 
vertices and to the number of vertex equivalence 
classes q of the whole structure. 

TOPOLOGICAL SYMMETRY  
AND CHIRALITY 

 
Molecular structures show various types of 

geometrical symmetry. The symmetry is reflected 
in several molecular properties, such as dipole 
moments, IR vibrations, 13C-NMR signals etc., 
properties which are dependent on the spatial 
structure of molecules.  

Topological symmetry (i.e., constitutional 
symmetry) is defined in terms of connectivity, as a 
constitutive principle of molecules and expresses 
equivalence relationships among the elements of 
graph: vertices, bonds, faces or larger subgraphs. It 
makes use of Group Theory formalism while the 
geometrical aspects are disregarded. 

Let  G = (V, E) and G` = ( V `, E `)  be two 
graphs and a function  f, mapping the vertices  of  
V onto the vertices belonging to the set V `,  f :  
V → V ` . That is, the function f makes a one-to-
one correspondence between the vertices of the 
two sets. The two graphs are called isomorphic, G 
≈ G`, if there exists a mapping f that preserves the 
graph adjacency (i.e., if  (i, j)∈ E, then ( f(i), f( j))∈ 
E`). In searching isomorphicity, labeled graphs are 
compared. The isomorphism analysis is useful in 
Chemistry for structure elucidation (e.g., such a 
study could answer if two graphs represent or not 
the one and the same molecule). 

Let the mapping be a permutation P; the 
permutation that leaves the graph unchanged is 
called the permutation identity. An isomorphism 
can be expressed as -1=A( ) P A( `)PG G and, since 
P is orthogonal, one can write the transpose instead 
of the inverse matrix T=A( ) P A( `)PG G ; in case 
of an automorphism, relation becomes: 
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T=A( ) P A( )PG G . The all automorphisms of a 
graph form a group Aut(G).13,19-22 Given a graph 
G=(V, E) and  a group Aut(G), two vertices,  i, j∈V  
are called equivalent if there is a group element, 
aut(vi)∈Aut(G), such that  j aut(vi) i  (in other 
words, there exists an automorphic permutation 
that transforms one vertex to the other). The set of 
all vertices j obeying the equivalence relation is 
called the orbit of vertex i, Vi (or automorphic 
partition, or also, class of equivalence). Vertices 
belonging to the same equivalence class cannot be 
differentiated by graph-theoretical parameters. If 
V1, V2,...Vm are the m disjoint automorphic 
partitions of the vertex set V(G)=  v1 +  v2+ ... +  
vm , then: 1 2= ... mV V V V∪ ∪ ∪  and 

i j
V V∩ =∅ . 

Consider a vertex invariant, In = In1, In2,...,Inv, 
which assigns a value Ini to vertex i. Two vertices, 
i and j, with Ini = Inj, belong to the same invariant 
class IC. However, the invariant classes may differ 
from the orbits of automorphism since no vertex 
invariant is known so far to discriminate any two 
non-equivalent vertices in any graph. The classes 
of vertices may be ordered according to some rules 
(e.g., according to their centrality). 

An object which cannot coincide with its mirror 
image is said chiral, according to Lord Kelvin's 
definition of chirality.1 The lack of chirality is 
called achirality, and an achiral object is said to 
have indirect symmetry. According to Petitjean’s 
general definition of symmetry,20 chirality can  
also be defined in non Euclidean spaces;23,24 
nevertheless, within this paper, not only Euclidean 
symmetry and chirality are considered. Even in the 
Euclidean case, symmetry and achirality are not 
only geometric.  

In a molecular graph, the vertices can be 
colored, on which the graph automorphisms will 
induce classes of equivalence. Such 
automorphisms and their induced equivalence are 
needed in several situations, e.g., when the CIP 
(Cahn, Ingold and Prelog) rules are to be 
implemented in a computer program that may 
assign the R/S chirality. Note that, for some 
particular molecules, such as the chiralanes25 the 
CIP rules fail although the geometric data and the 
graph automorphisms fully define their chirality.  

The chiral index CHI measures the degree of 
chirality (also the skewness) of a molecular graph; 
it is the minimized root mean square distance 
between the vertex set of the graph and its rotated 
and translated mirror  image, minimized for all 
graph automorphisms, and normalized to the 
inertia, so that it takes values in the interval [0;1]. 

This index applies to a wider spectrum of 
situations than other chirality measures. 26,27 

DESIGN OF CHIRAL MULTITORI 

Design of multi-tori may be achieved by 
operations on maps. A map is a combinatorial 
representation of a (closed) surface, e.g., the 
polyhedral graphs. Several operations on maps are 
known and used for various purposes. The most 
used operations are: Dual d, Medial m, Truncation 
t, Leapfrog l, Snub s, etc. More about such 
operations the reader can find in refs.28-33  Within 
this paper, only some map operations will be used, 
for which definitions are given as follows. 

Dual d(P) is obtained by putting a point in the 
center of each face of a polyhedron P, next joining 
two such points if their corresponding faces share a 
common edge. Vertices of d(P) represent faces in 
the parent polyhedron and vice-versa. Dual of the 
dual returns the original polyhedron: d(d(P)) = P. 
Tetrahedron T is self-dual while the other Platonics 
(cube C; octahedron O; dodecahedron D and 
icosahedron I) form dual pairs: d(C) = O; d(D) = I.  

Truncation t(P) is achieved by cutting off the 
neighborhood of each vertex by a plane close to 
the vertex, such that it intersects each edge incident 
in the vertex. The resulted truncated map (i.e., 
polyhedron) is always a three-connected one. The 
truncated polyhedron is of the type {2e, 3e, e+2}, 
where e denotes the number of edges in the parent 
object while the numbers within brackets refer, 
subsequently, to the vertices, edges and faces of 
the truncated transform. 

Medial m(P) is obtained by pairwise joining the 
midpoints of parent edges if the pair edges span an 
angle. Medial is always a 4-valent graph, symmetric 
between the parent and its dual, that is m(P) = 
m(d(P)). The figure type of the transformed 
polyhedron is: {e, 2e, e+2}. This operation rotates the 
parent s-gonal faces by π/s. By medial, edges of the 
parent polyhedron are reduced to a point; this 
property can be used in topological analysis of edges.  

Leapfrog l(P) is a composite operation34,35 that 
can be written as: l(P) = t(d(P)). It rotates the 
parent s-gonal faces by π/s. In a three-connected 
polyhedron, the transformed polyhedron is of the 
type: {2e, 3e, e+2}. Note that, in the transform 
l(P), the vertex degree is always 3, since this 
operation involves a truncation that provides a 
trivalent lattice.  
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Polygonal pk(P) operation2,36is achieved by 
adding a new vertex in the center of each face of a 
polyhedral graph, next put k-3 points on the 
boundary edges. Connect the central point with one 
vertex on each edge (the endpoints included): the 
parent face will be covered by triangles (k=3), 
squares (k=4) and pentagons (k=5), respectively. 
The transformed polyhedron is of the type:  
{(k-2)e+2, ke, 2e}.  

Snub is the dual of p5 operation:2,36 s(P) = 
d(p5(P) and  s(P) = s(d(P)). The snub polyhedron is 
of the type: {2e, 5e, 3e+2}. In case P = T, the snub 
is the icosahedron: s(T) = I. 

Map operation preserves the genus of the parent 
structure and its class of symmetry; within this 
paper, they will be applied only on the graphs 
associated to the Platonic solids and their 
transforms. 

The building process of multitori herein studied 
may occur as a self-assembling of monomers; in 
our case, the monomer is the snub of a cage, 
particularly the Platonic solids. Let us follow such 
a way, starting from the smallest fullerene C20, or 
dodecahedron D, according to the regular 
polyhedral graph associated to it. The snub 
dodecahedron s(D) is achieved by dualizing the 

p5(D) transform; since p5-operation is prochiral, all 
the thansforms involving this map operation will 
be chiral structures. As one can see in Fig. 1 (top), 
this operation preserves the symmetry of the parent 
dodecahedron, particularly the pentagonal faces. 
Suppose the snub dodecahedron is realized by 
atoms of different radius, e.g., one snub 
dodecahedron is made by Carbon atoms and the 
other by Silicon or Germanium, so that a “cage-in-
cage” structure is obtained (see Fig. 1, bottom). A 
supplementary interaction along the diagonal of 
quadrilaterals generated on the pentagon sides will 
provide a “dimer” snub dodecahedron, each 
vertex/atom having the degree 7; since this 
diagonal may be drawn to the right or to the left, 
the number of chiral pair structures will increase 
accordingly (see below). Next, the dualization of a 
7-connected dimer will provide a multitorus 
entirely covered by heptagonal faces, two of such 
pair chiral structures being illustrated in Fig. 2. In 
the case of cube, as a starting structure, the 
monomers, dimers and their dual multitori, as 
chiral pairs, are illustrated in Fig. 3. For the beauty 
of presentation, further transforms, by some map 
operations, are illustrated in Fig. 4 while their 
corresponding data are included in Tables 1 to 3. 

 

  
s(D)R.60=d(p5_2(D))R.60 s(D)S.60=d(p5_1(D))S.60 

   
C120,S = d(C280,S).120 
(s(D)R@s(D)R)7S.120 

 

C120,R = d(C280,R).120 
(s(D)S@s(D)S)7R.120 

Fig. 1 – Snub dodecahedron (top) and “cell-in-cell” dimer (bottom) chiral pairs. 
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C280,S = d(C120,S).280 

d{(s(D)R@s(D)R)7S.120}.280 
C280,R = d(C120,R).280 

d{(s(D)S@s(D)S)7R.120}.280 

 
 

C280,RS = d(C120,RS).280 
d{(s(D)S@s(D)S)7S.120}.280 

C280,SR = d(C120,SR).280 
d{(s(D)R@s(D)R)7R.120}.280 

Fig. 2 – Snub dodecahedron based multitori; chiral pairs. 
 

  
s(C)R.24=d(p5_2(D))R.24 

 
s(C)S.24=d(p5_1(C))S.60 

  
(s(C)R@s(C)R)7S.48 

 
(s(C)S@s(C)S)7R.48 

 
Fig. 3 – Snub cube and its chiral derivatives. 
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d{(s(C)R@s(C)R)7S.48}.112 
C112,S = d(C48,S).112 

 
d{(s(C)S@s(C)S)7R.48}.112 

C112,R = d(C48,R).112 

Fig. 3 (continued) – Snub cube and its chiral derivatives. 
 
 
 
 

  
m(C280,S).420 

 
d(m(C280,S)).400 

  
t(C280,S).840 t(C280,S).840 (disjoint triangles) 

Fig. 4 – Transformed C280 by medial m, dual of medial dm and truncation t map operations. 
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Table 1 

Figure count (cf. Eq. 3) in chiral multitori derived from dodecahedron and cube, respectively 
 Structure v e 3(2) 4(2) 5/6*(2) 7/14*(2) 2 3 χ g Rank

s (D) 60 150 80 0 12 0 92 0 2 0 3
C280 280 420 0 0 0 120 120 0 -20 11 3

C280C 280 420 0 0 0 120 120 2 -22 12 4
d (C280) 120 420 280 90 24 0 394 94 0 0 4
m(C280) 420 840 280 0 0 120 400 0 -20 11 3

d (m(C280)) 400 840 0 420 0 0 420 0 -20 11 3
t (C280) 840 1260 280 0 0 120* 400 0 -20 11 3

s (C) 24 60 32 6 0 0 38 0 2 0 3
C112 112 168 0 0 0 48 48 0 -8 5 3

C112C 112 168 0 0 0 48 48 2 -10 6 4
d (C112) 48 168 112 48 0 0 160 40 0 0 4
p 4(C112) 328 672 0 336 0 0 336 0 -8 5 3

d(p 4(C112)) 336 672 112 168 0 48 328 0 -8 5 3
l (C112) 336 504 0 0 112* 48 160 0 -8 5 3
s(C112) 336 840 448 0 0 48 496 0 -8 5 3
d (C280) A5 P3 P3* M 3

12 20 60 2 94
d (C112) A4 P3 P3* M 3

6 8 24 2 40  
 

Table 2 

Atom classes by face count (cf. Eqs. 2) 

 Structure Signature Classes {elements} Deg RSI 
1 C280 7^3 1{280} 3 3 
2 d(C280).120 3^7.5 1{120} 7 3.25 
3 m(C280).420 3^2.7^2 1{420} 4 2 
4 d(m(C280)).400 4^7; 4^3 1{120}; 1{280} 7; 3 2.1 
5 t(C280).840 3.14^2 1{840} 3 1.823529 
6 s(C280).840 3^4.7 1{840} 5 1.900000 
7 C112 7^3 1{112} 3 3 
8 d(C112).48 3^7.4 1{48} 7 3.571429 
9 p4(C112).328 4^7; 4^4; 4^3 {48}; {168}; {112} 7; 4; 3 1.365854 
10 d(p4(C112)).336 3.4^2.7 1{336} 4 1.285714 
11 l(C112).336 6^2.7 1{336} 3 1.461538 
12 s(C112).336 3^4.7 1{336} 5 1.900000 

 
Table 3 

Atom classes by centrality C-index (cf. Eq. 1) 

 Structure Signature Classes  
{elements} 

Deg C-index  
(max; min) 

1 C280 7^3 2{20}; 4{60} 3 0.050631255 
0.050153935 

2 d(C280).120 3^7.5 1{120} 7 0.062257186 
3 m(C280).420 3^2.7^2 2{30}; 6{60} 4 0.049904436 

0.046636087 
4 d(m(C280)).400 4^7; 4^3 2{20}; 6{60} 3; 7 0.051588692 

0.048048823 
5 t(C280).840 3.14^2 14{60} 3 0.029003953 

0.027943162 
6 s(C280).840 3^4.7 14{60} 5 0.03875036 

0.036752267 
7 C112 7^3 2{8}; 4{24} 3 0.072208199 

0.069878113 
8 d(C112).48 3^7.4 1{48} 7 0.054621515 
9 p4(C112).328 4^7 2{8}; 2{12};  

10{24}; {48} 
3; 4; 7 0.066005376 

0.057453684 

C280 
C280C 
d(C280) 
m(C280) 

d(m(C280)) 
t(C280) 

C112 
C112C 

d(C112) 
p4(C112) 

d(p4(C112)) 
l(C112) 
s(C112) 
d(C280) 

d(C112) 
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Table 3 (continued) 

10 d(p4(C112)).336 3.4^2.7 14{24} 4 0.054936063 

0.050397433 

11 l(C112).336 6^2.7 14{24} 3 0.050790541 

0.047497418 

12 s(C112).336 3^4.7 14{24} 5 0.056337657 

0.051514652 

 
DISCUSSION 

An embedding is a representation of a graph on 
a surface S such that no edge-crossing occurs.

10
 A 

polyhedral graph, embedded in an orientable 
surface S obeys the Euler’s theorem:

37
  

( ) 2(1 )v e f S g    
 

where )(S is the Euler characteristic and g the 

genus (i.e., the number of consisting simple tori). 

Positive/negative -values indicate positive/negative 
curvature of a structure embedded in S. A surface 
is orientable, when it has two sides, or it is non-
orientable, when it has only one side, like the 
Möbius strip.

 
Curvature

2
 is the amount by which a 

geometric object deviates from the planarity; it is 
usually measured as the Gaussian curvature K, 

2
S
KdS  ; a combinatorial curvature was 

recently proposed.
38 

Euler characteristic can be calculated for 
general surfaces as the alternating sum of figures 
of dimension/rank

39
 k : 

 0 1 2 3( ) ...,S f f f f       (3) 

by finding a polygonization of the surface (i.e., a 
description as a CW-complex

40,41
). 

Structure elucidation of the snub dimers and 
multitori herein designed was done by: (i) figure 
count, (Table 1) following the generalized Euler 
alternating sum (cf. Eq. 3); (ii) face count (Table 
2), by means of Ring Signature Index RSI (cf. Eqs. 
2) and (iii) vertex centrality count (Table 3), cf. Eq. 
1. The chiral index is close to unity (as calculated 
by Petitjean QCM software

42
) for most of the 

herein studied structures. 
Multitori are graphs embedded in surfaces of 

high genera;
43

 Table 1 shows a negative value for 
Euler characteristic (χ = -20; g = 11 for the 
structures of Icosahedral symmetry and χ = -8;  
g= 5 for  those of octahedral symmetry), meaning 
the embedding surfaces have negative curvature.

2
  

The snub dimers are structures of dimension/rank 4 
while their dual transforms have the rank 3. 
However, if one considers the multitorus as being a 
union of two cells, the rank is 4, as for the dimer 
(see Table 1, lines C280C and C112C). Recall that 
the dimers are duals of the multitori herein studied; 

their 3-faces are detailed at the bottom of Table 1. 
The genus and rank (or space dimension) of a 
structure are parameters of its complexity, the 
balance of their importance being in the eye that 
looks... the genus of these multitori equals the 
number of windows/hollows less 1. Irrespective of 
the tessellation (read map operation transform), the 
embedding surface has the same Euler 
characteristic (see Table 1). 

Searching the atom classes by face count 
provides the “chemical atom type” if the rings 
around each atom (counted by RSI) are “hard 
rings”; for the majority of snub derivatives a single 
chemical atom class was found (Table 2). 
However, by enlarging the counted rings to 
“circuits” of various length, then different, 
topologically distinct, vertex classes are revealed. 
If the “ring signatures” are collected in a layer 
matrix,

14,15
 the centrality index (see also ref.

44
) 

calculated cf. Eq. (1) will distinguish all these 
distinct vertices, at the early level of hard rings 
(Table 3). Remark that the dimers d(C280).120 and 
d(C112).48 have a single class of all central atoms. 

These theoretical tools enable us to study the 
topological symmetry of rather complex structures. 
Two original software developed at TOPO 
GROUP Cluj were helpful in this respect: 
CVNET

45
 and Nano Studio.

46
 

There is a result from ref.
47

 stating that: a 
necessary and sufficient condition for a simple cubic 
graph G, without quadrilaterals, to be isomorphic to 
the truncation t(H) of a simple cubic graph H is 
possessing by G a cyclic cover C of which all 
components are triangles (see Fig. 4, bottom, right).  

Dualization may be imagined as a 
“complementary” structure “synthesis” in the 
“template” of its dual pair, the parent being further 
“disolved” to free the desired product. The 
“synthesis algorithm” may be realized starting 
from any parent polyhedral cage (see e.g., Fig. 3).  

CONCLUSION 

Multitori, complex spongy structures were 
herein built up by using the snub of dodecahedron 
and cube, respectively, as the monomer.  For the 
design of involved structures, the map operations 
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were used, as implemented in CVNET and Nano 
Studio software. Their topological symmetry was 
studied by enumerating the rings around each 
vertex/atom, coupled with a centrality index 
analysis. The chirality of the structures was done 
by a chiral-routine implemented in the QCM 
software program, freely available at ref.42 
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