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A widely accepted tenet in neuroscience is that 
excitable cells, such as neurons, cardiac, and 
pancreatic cells, respond to external stimuli by 
producing significant all-or-nothing stereotypical 
electrical impulses called action potentials 
(APs). The characteristics of the external 
stimuli, such as their intensity (amplitude) or 
duration and their relative timing (or phase) relative to the most recent AP, are encoded in transient changes of the firing frequency of 
the afferent neuron(s). We used a single-compartment, Hodgkin-Huxley type, model neuron to investigate numerically neurons’ 
responses to stimuli. Our results indicate that the total amount of injected electric charge, determined by the amplitude (intensity) and 
duration of the stimulus, is the primary driver of transient changes in the firing period of neurons. We also find that while the 
neurons’ response is linear with stimulus amplitude, it has a robust nonlinear behavior with respect to stimulus duration. 
Furthermore, we found that neurons are sensitive to the stimulus shape, not only to the total area of the stimulus. 
 

 
INTRODUCTION* 

 Predicting the behavior of a single neuron has 
been a focus of neuroscience for more than a 
century.1,2 To make predictions, scientists build 
models based on the study of the cause-effect 
relationship of selected natural phenomena; in our 
case, models that capture the mechanisms 
responsible for the observable neural behavior.  
 One of the most notorious mathematical model 
was derived around the 1950s by A. L. Hodgkin 
and A. F. Huxley, who published a series of papers 
describing a realistic model of APs in giant squid 
axons.3 The conductance-based Hodgkin- Huxley 
(HH) model was based on experiments that started 
in the 1930s and stopped because of the Second 

                                                       
* Corresponding author: 

World War. Later, C. Morris and H. Lecar used the 
giant barnacle muscle fiber to model neuronal 
oscillatory phenomena with a reduced, two-
variable, system of equations.4,5 Remarkable 
modeling procuresses were made by Connor, who 
discovered the mechanism of repetitive neuronal 
firing,6 Hindmarsh and Rose, who modeled 
bursting activity.7 Finally, the Fitz Hugh and 
Nagumo model offered a general method for 
reducing the complexity of HH-type models.8,9 
 Biophysically realistic models can reveal intricate 
nonlinear couplings among variables that could be 
difficult to isolate in a wet experiment. A model can 
also be used as substitute for physical experimenta-
tion when the latter would prove too challenging, too 
expensive, or ethically problematic.10  
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Fig. 1 – (a) The thick (blue) curve is the unperturbed membrane voltage of a periodically spiking neuron. 

The thinner (red) curve is the membrane potential after a brief stimulus perturbs the cell cycle at ts relative to the most recent AP.  
The change in the intrinsic firing period T due to the external stimulus is ∆T. (b) The peak shift ∆T relative to the intrinsic firing 

period T for Type I PRCs is usually unimodal, and (c) for Type II PRCs is bimodal. 
 
In this study, we used a single-compartment 

HH type model and the method of Phase Resetting 
Curves (PRCs) to uncover the effect of presynaptic 
stimuli on the stereotypical shape of APs. 
 Clock-like rhythms are ubiquitous phenomena. 
The rhythmic nature of our environment has 
primed living organisms to exhibit rhythmic 
patterns of activity.11 Biological rhythms vary from 
the circadian rhythms to cell divisions to the firing 
pattern of oscillatory neurons. The mechanisms 
that govern biological cycles are, in essence, 
biochemical, and the underlying principles that 
govern their action can be mathematically and 
computationally described in great detail.12 
Furthermore, these repeating patterns can be 
studied on different levels, from the organism (or 
behavioral) to the network (aggregation of cells) 
down to the single-cell level and even a genetic 
level. In this study, we focus on the single-cell 
level modeling. 
 Any spiking neuron can be modeled as a limit 
cycle oscillator, a system in which all biophysically 
relevant variables, such as the membrane potential, 
have the same value as they had at the same phase of 
the previous cycle of activity (see Fig. 1a thick blue 
curve).13 A stimulus perturbs the intrinsic firing rate 
of the cell, inducing a transient shift in its firing 
period T (see the thin red curve in Fig. 1a). The 
transient change of the firing pattern is determined by 
the stimulus timing ts relative to the most recent AP.14 
We often use the stimulus phase as the normalized 
stimulus time ts relative to the intrinsic firing period 
T, i.e., phase = ts/T. A PRC is a quantitative measure 
of the normalized AP peak shift ∆T/T that a particular 
perturbation induces on the timing of the next spike 
(see Fig. 1).15 

Notice in Fig. 1a that the time difference ∆T 
does not change if there is no further stimulation. 
This shows that the induced change in period ∆T 
was transient, i.e., the neuron returns to its intrinsic 

firing period T. An infinitesimal PRC tabulates the 
normalized period shifts ∆T/T induced by stimuli 
with infinitely small durations.16,17 A more 
biologically realistic representation of phase 
response tabulates the relative changes of the 
period ∆T/T induced by a finite-duration 
stimulus.17-19 In our case, one firing period was 
split into 200 equally spaced phase intervals. At 
the beginning of the first phase interval, a stimulus 
is injected at stimulus time ts = 0 (Fig. 1a), and the 
normalized change in the period ∆T/T is recorded. 
Then the simulation is injected into the next phase 
interval and so on (see Fig. 1b and Fig. 1c). 
 The PRCs have been used to study how the 
coupling of neurons influences their relative firing 
phase in neural networks.20,21  
 We can distinguish among different types of 
neural oscillators according to three criteria: 
excitability class, bifurcation diagram, and PRC 
type.22 Hodgkin and Huxley introduced excitability 
classes based on the relationship between the firing 
frequency and the bias current. In a nutshell, Class 
I neurons do not have a limited frequency 
response, whereas Class II neurons do.23 The third 
class describes non-oscillatory neurons and will 
not be discussed here. Later, bifurcation diagrams 
added the stability analysis to the excitability 
classification.24,25 Class I excitability emerges from 
a saddle-node bifurcation, whereas Class II 
exhibits a Hopf bifurcation.5 We can also 
distinguish Type I and Type II neural oscillators 
based on their PRC. For example, PRCs for Type I 
oscillators are unimodal (Fig. 1b), and Type II 
neurons have a bimodal PRC (Fig. 1c). It so 
happened that neurons exhibiting a saddle-node 
bifurcation diagram yielded unimodal PRCs, i.e., 
Type I neural oscillators, and correspond to HH 
Class I continuous excitability. Similarly, systems 
characterized by Hopf bifurcation diagrams lead to 
Type II PRCs and also belong to Class II 
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excitability. However, we must also mention that 
there are exceptions to this clear-cut picture. For 
example, it has been recently discovered that in 
some cases, saddle-node diagrams neurons yield 
PRCs with strong bimodal characteristics.16 
Additionally, it was shown that all PRCs have 
bimodal characteristics. However, it looks like 
Type I PRCs are unimodal because one lobe of the 
bimodal response is tiny compared to the other. 
Thus, bimodality is, in fact, due to the existence of 
both saddle-node and Hopf bifurcation.26 

METHODS 

 The detailed mathematical model is presented 
in the Appendix. Integrating the model's equations, 
one gets the steady unperturbed firing pattern of 
oscillatory neurons (not shown). The firing period 
can be changed by changing the bias (rheobase) 
current (see Appendix). 
 Our goal was to investigate the effect of 
different stimulus characteristics on neurons 
responses. For example, what is the model neuron 
sensitive to, and what changes can be recorded in 
its response? We carried out two sets of numerical 
experiments.  
 Experiment 1: we used a rectangular stimulus 
(Fig. 2a) and examined the responses of the neural 
model to changes in amplitude A and duration δt of 
the stimulus (Fig. 2c). 
 Experiment 2: we used a triangular pulse  
(Fig. 2b) to investigate the influence of the amount 
of electric charge injected into the neuron. A 
widely accepted tenet in neuroscience is that the 
characteristics of the stimulus that governs the 
response of a neuron is the area under the curve of 
a particular stimulus, i.e., the electric charge 
injected into the cell. For Experiment 2, all stimuli 
have the same amplitude A, duration δt, and phase 
 

of injection. Hence their area, i.e., the injected 
electric charge is the same. However, the triangle's 
peak was moved relative to the start of the stimulus 
to change its shape without changing its area, i.e., 
the amount of electric charge injected. 

A PRC quantifies the phase-dependent effects 
that a particular stimulus (A,δt) has on the period 
of an oscillatory neuron. How can we use the PRC 
to compare the effects that different stimuli have 
on a neuron? Experimental data showed that 
external stimuli have two main influences on the 
PRC: (1) change its peak-to-peak amplitude and 
(2) circularly shift the PRC. It seems that the 
overall shape of the PRC remains unchanged. We 
can compare two PRCs by using the following 
scaling relationship 

PRC2 = α PRC1 + β, 

where α is a scale factor determined by the peak-
to-peak ratio of PRC amplitudes, and β represents 
the horizontal shift of the PRCs with respect to 
each other (Fig. 2 c). The scale coefficients (α, β) 
compare the effect of different stimuli over the 
entire phase range and show that these differences 
are consistent independently of the phase. 

RESULTS 

 Experiment 1: rectangular pulses of variable 
amplitudes A and durations δt. As we increased the 
stimulus current amplitude A, we obtained PRCs 
with larger amplitude, i.e., larger ratio α, but no 
horizontal shift β (Fig. 3a). The relationship 
between the amplitude A of the rectangular 
stimulus (Fig. 2a) and the change in the firing 
period induced was linear, e.g., if we double the 
amplitude of the stimulus, we double the amplitude 
of the PRC. 
 

 
Fig. 2 – (a) Rectangular and (triangular) stimuli have two effects on the PRC (c): a change in amplitude and a horizontal shift  

of the PRC peak. The (blue) thick PRC is in response to a rectangular stimulus (A,δt) of the same duration as for the (red)  
thin PRC but double amplitude, i.e., (2A, δt). 
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Fig. 3 – (a) The scaling factor α for the amplitude of the PRC linearly increases with the rectangular stimulus amplitude A. The slope 
of the linear relationship is almost the same regardless of the neuron's frequency. (b) The duration δt of the rectangular stimulus has a 

nonlinear contribution to the scale factor α of the PRC. (c) The PRC horizontal shift β increases exponentially with rectangular 
stimulus duration δt. The shift β becomes significant when the duration exceeds 10 percent of the intrinsic period T. (d) The PRC 
shift β is significant for triangular pulses with the same area (the same net electric charged injected) but with different shapes. The 

peak shift also increases with the spiking frequency. 
 

In Fig. 3, the continuous line represents what 
we would expect if there is a positive linear 
correlation between the change in period ∆T and 
the amplitude A of the rectangular stimulus  
(Fig. 3a). Changes in stimulus duration δt induce 
nonlinear responses (Fig. 3b). This effect is most 
significant when the stimulus duration exceeds  
10 percent of the intrinsic period T. The nonlinear 
effect of stimulus duration manifests stronger at 
higher frequencies (Fig. 3b). Changes in stimulus 
duration δt also induce horizontal shifts β that we 
did not observe for changes in stimulus amplitude 
A (Fig. 3c). To summarize, in Experiment 1, we 
found that the neuron responds linearly to changes 
in stimulus amplitude (Fig. 3a) but non-linearly to 
changes in duration (Fig 3b and 3c). These 
findings raise the question of whether the response 
depends only on the amount of electric charge 
injected into the neuron for a particular phase. The 
electric charge injected equals the area under the 
curve of a stimulus current versus time. Assuming 
that the neuron is only sensitive to the amount of 
injected electric charge, we would expect that it 
responds linearly to the stimulus area, which is 
proportional to the product between the amplitude 

A and duration δt. Based on the observed 
asymmetry between the response of neurons to 
stimulus amplitude A and duration δt found in 
Experiment 1, we hypothesized that even the shape 
of the stimulus, not just the total area (electric 
charge) of the stimulus, is essential for neural 
communication. To test our hypothesis, we 
injected triangular pulses (Fig. 2b). We kept the 
same duration δt and the amplitude A for all 
triangular pulses. The only variable was the peak 
location of the triangle related to the start of the 
stimulus (Fig. 3d). We found that injecting 
triangular stimuli with the same total area but 
different peak locations yielded PRCs with the 
same amplitudes (not shown). However, we 
determined that the shape of the stimulus produces 
a significant horizontal shift of the PRC (Fig. 3d). 

CONCLUSIONS 

 There is extensive literature regarding the 
resetting effect that stimuli have on the firing 
period of neurons. It is generally accepted that 
neurons encode information by changing their 
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firing frequency. Our results show that neural 
information processing is more complex than 
previously thought. Neurons are sensitive to the 
electric charge (total area of the stimulus) and the 
phase of stimuli. We found that neurons also 
encode information regarding the shape of the 
input stimuli. Because neurons can discriminate 
between different shapes of pre-synaptic potentials, 
and because the shape of the pre-synaptic input 
modulates not only the timing but the shape of 
post-synaptic potentials, then the principle that 
neurons encode information strictly by modulating 
their firing rate is incomplete. 
 In all experiments carried out here, the neuron’s 
response to stimuli increases as the neuron’s firing 
frequency increases. Thus, a stimulus of the same 
amplitude or duration injected at the same phase 
will significantly affect a neuron with a shorter 
period. This is due to the relative ratio between the 
intrinsic firing period of the neuron and the 
stimulus duration. The injected charge’s absolute 
value alone is not the crucial variable.  
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APPENDIX -MATHEMATICAL MODEL 

 Our model was inspired by M. Pospichil et al.,27 
which is a single-compartment HH model modified 
to simulate cortical neurons. The following equation 
governs the membrane potential:  

Cm dV/dt = - INa - IK - IL + Ibias, 

where V is the membrane potential, Cm is the 
membrane capacitance in µF/cm2. INa is the 
voltage-dependent sodium current, and IK is the 
delayed rectifier potassium current. IL is the leak 
current, and Ibias is the bias current, or rheobase, 
that controls the firing frequency of the neuron. 
The sodium and potassium currents were fitted for 
central cortical neurons by Traub and Miles.28 The 
sodium current is represented by 

INa = gNa mNa
3  hNa (V - ENa), 

where gNa = 100 mS/cm2 the maximal sodium 
conductance, mNa and hNa are the activation and 
inactivation variables, and ENa = 50 mV is the 
Nernst potential for sodium. The activation 
function was 

dm/dt = αm(V)(1 - m) - βm(V) m, 

where αm = (-0.32 (V – Vt -13))/(e-(V-V
t
 -13)/4-1), βm = 

(0.28(V - Vt - 40))/(e-(V - V
t
 - 40)/5-1). 

 The inactivation function was defined as 

dh/dt = αh(V)(1 - h) - βh(V) h, 

where αh=1.128 e-(V-V
t
-17)/18, βh = 4/(1+e-(V - V

t
 - 40)/5). 

Vt = -56.2 mV adjusts the spike threshold. 
 The potassium current is 

IK = gK n4 (V - EK), 

where gK = 10 mS/cm2 is the maximal potassium 
conductance, n is the fraction of potassium 
channels open, and EK = -90 mV is the Nernst 
potential for potassium. n was defined as 

dn/dt = αn(V)(1 - n) - βn(V) n, 

where αn = (-0.032(V - Vt - 15))/(e- (V-V
t
-15)/5-1),  

βn = 0.5 e- (V - V
t
 -10)/40. 

 The leak current was represented by IL = gL (V - 
EL), where gL = 0.3 mS/cm2 is the leak conductance 
of the membrane, and EL = -54.4 mV is the 
reversal potential. The system's initial conditions 
are random, with the membrane voltage located 
between -75 mV and -55 mV. The oscillations are 
irregular initially and need to fire a couple of APs 
before entering a stable firing pattern. For this 
reason, we let the code run for over 1000 ms 
without perturbation.  
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