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Temperature and pressure dependence of the thermodynamic
quantities are calculated using the Landau phenomenological
model for the first order fluid-solid transition in nitrogen. This
calculation is performed by fitting the phase line equation as
derived from the mean field model to the observed T-P phase
diagram of the fluid-solid transition in N2 from the literature.
Our calculations show that the order parameter and the
inverse susceptibility decrease whereas the entropy, heat
capacity, thermal expansion and isothermal compressibility
exhibit anomalous behavior as the melting point is
approached in nitrogen. This indicates that the first order
fluid-solid transition in N2 can be described by the mean field
model studied here.

INTRODUCTION*
Nitrogen exhibits the P-T phase boundaries of
various crystal forms from about 15 to 300K and
0.6 to 52 GPa as obtained previously by using the
Raman scattering.1 The V-T phase diagram of N2
which has also been obtained by the Raman
spectroscopy includes the fluid, vapor and three
solid phases (α,β and γ ) with the temperature
range from 0 to 200K and the molar volume range
from 23.37 to 27.81 cm3/mole.2 A cubic δ phase
above about 4.5 GPa at room temperature, has
been obtained by X-ray3 and Raman measurements.4 Also, x-ray measurements have shown a
phase transition from the cubic δ to the trigonal δ
phase at a pressure of 16.3 0.5 GPa at room
temperature.3 By using high-pressure Raman spectroscopy, the δ-ε transition at around 17 GPa and
*
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the transition into the η phase at around 200 GPa
have been detected.5 All those low-temperature
and pressure phases of N2 were shown in the P-T
phase diagram which we have calculated recently
using the mean field model.6 It has been pointed
out by the Raman spectroscopy that the highpressure phases have closely related structures.7
Regarding the Raman studies, in our earlier
studies,8-12 we have calculated the Raman frequencies of different modes in various phases of
nitrogen.
There occur the θ and i phases, which can be
quenched to room temperature, over a wide P-T
range from 20 to 100 GPa and 300 to 1000 K, as
shown in the P-T phase diagram.13 The i- phase
appears to represent a different kind of lattice
consisting of dislike molecules, packed more
efficiently compared to the mixed disk- and
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spherelike δ-family structures, whereas the θ phase
is more complex.13 An experimental evidence has
been presented for the nonmolecular (NM)
transformation in the 140-160 GPa range to a
disordered single-bonded, threefold-coordinated
structure in N2.14 Experimentally, from the
molecular to the polymeric forms of nitrogen the
cubic-gauche structure has been found15,16 and
theoretical studies17–22 have confirmed its stability
and highly energetic character as reported from its
elastic and vibrational properties at the surface of
the crystals.23 Fig. 1 gives a global T-P phase
diagram of nitrogen[24] where we have also
studied for the liquid-solid transition in this
molecule.
Thermodynamic properties of the solid nitrogen
for various phases have been studied as reported in
the literature. Its volume,2 thermal expansivity,25,26
isothermal compressibility.26 specific heat27–28 and
the lattice dynamics of cubic gauche nitrogen in
particular,23 have been studied. It is of interest to
study the thermodynamic properties of molecular
nitrogen near the melting temperatures at high
pressures. By using the measured melting
temperatures up to 71 GPa29 and the experimental
T-P data30 for the fluid-solid transition in N2, the
temperature dependence of the thermodynamic
quantities such as order parameter, susceptibility,
thermal expansion, isothermal compressibility,
specific heat etc. can be investigated for this
molecular structure.
In this study, we introduce a mean field model
with the free energy expanded in terms of the order
parameter within the Landau phenomenological
theory. By deriving the phase line equation from
the free energy for the first order fluid-solid
transition and fitting it to the experimental T-P
data29,30 the temperature dependences of those
thermodynamic quantities are predicted for N2 near
the melting temperature.
Below, in section 2 we give an outline of the
mean field model. In section3, our calculations and
results are given. In sections 4 and 5, we give our
discussion and conclusions, respectively.
THEORY

Fs = a2ψ 2 + a3ψ 3 + a4ψ 4

(1)

,
and
can be
where the coefficients
temperature and pressure dependent in general.
The cubic term in the free energy expansion leads
to a first order solid-liquid transition.
and
are
positive constants in N2. Since there is no ordering
in the liquid phase, we have

Fs = FL = 0

(2)

where FL corresponds to the free energy of the
liquid phase. By minimizing the free energy with
, we get
respect to the order parameter (

2a2 + 3a3ψ + 4a4ψ 2 = 0

(3)

By using the first order condition (Eq.2), we
have from Eq.1

a2ψ 2 + a3ψ 3 + a4ψ 4 = 0

(4)

Solving Eqs.3 and (4) for Ψ gives

ψ =−

2a2
a3

(5)

The phase line equation for the solid-liquid
transition of N2 can then be obtained as or

a32 = 4a2 a4

(6)

By taking the temperature and pressure
dependence of the coefficients, the T-P phase
diagram (Eq.6) and the thermodynamic quantities can
be calculated close to the solid-liquid transition in
nitrogen as functions of temperature and pressure.
In this study, we calculate the order parameter
(ψ), the inverse susceptibility of the order
parameter (
), entropy(S), heat capacity ( )
,thermal expansion (
) and the isothermal
compressibility (KT ) for the solid-liquid transition
in N2. The order parameter ψ can be calculated by
using Eq.(5).
From the order parameter ψ (Eq.5), the inverse
susceptibility (
) can be calculated according to

χψ−1 = ∂ 2 F / ∂ψ 2

(7)

which gives from the free energy (Eq.1).
The free energy of the solid phase of nitrogen
can be expanded in terms of the order parameter Ψ
close to the solid-liquid transition according to the
Landau phenomenological model by using the
cubic term as

χψ−1 = 2a2 + 6a3ψ + 12a4ψ 2

(8)

The thermodynamic quantities of the entropy
(S), heat capacity (CP), thermal expansion (αP) and

Fluid-solid transition

isothermal compressibility (κT) were also calculated by using their definitions of S = ( ∂V / ∂T )υ ,

liquid transition in nitrogen by using the free
energy (Eq.1) according to

α p = ( ∂ 2 F / ∂T .∂P ) / ( ∂F / ∂P )

Cv = T ( ∂ S / ∂ T ) v ,

α p = (1/ V )( ∂V / ∂T ) p
and

and

(9)

= κ T = − (1/ V )( ∂V / ∂P )T

κT = − ( ∂ 2 F / ∂P 2 ) / ( ∂F / ∂P )

4a23
4a a
(−1 + 22 4 ) )
2
a3
a3

(13)

CALCULATIONS AND RESULTS
We calculated the temperature and pressure
dependence of the thermodynamic quantities by
using the observed T-P phase diagram29,30 through the
phase line equation (Eq.6). The observed P-T data29,30
which we used for our calculations are given in Table
1.By assuming the temperature and pressure
dependence of the coefficient a2 (Eq.6) as

(11)

Thermal expansion αP and the isothermal
compressibility κT can be calculated for the solid-

a23 = ( P − Pt ) − a20 − a21 (T − Tt ) + a22 (T − Tt ) 2
and a4 = 1, where a20, a21 and a22 are constants, and
writing the phase line equation (Eq.6) in the form
of

a3 = 2 a2

(15)

Table 1
29,30

which were used in the phase line equation (Eq.14)
The observed P-T data
to determine the coefficients (see Table 2) for the solid -liquid transition in N2
T(K)
241.0
351.8
499.7
721.9
869.8
980.8
1165.4
1350.1
1442.1
1552.6
1626.0
1717.8
1791.3
1827.5

(14)

pressure dependence of the order parameter ψ as
plotted in Figs.(2a) and (2b), respectively, for the
solid – liquid transition in N2. By means of Eq.(14)
with the values of the coefficients (Table 2), the
) was calculated as
inverse susceptibility (
functions of temperature (P=Pt) and pressure
(T=Tt), as plotted in Figs.(3a) and (3b),
respectively, for the solid-liquid transition in N2.
Also, with Eq.(15) by using
(Eq.14), we
obtained the entropy S at the transition pressure
(P=Pt) for the solid-liquid transition in nitrogen.
We plot the entropy S as a function of temperature
in Fig.(4) for the solid- liquid transition in N2.

with the a2 (Eq.14), we fitted to the experimental
T-P phase diagram29,30 and, the coefficients a20, a21
and a22 were determined as given in Table 2. For
this determination, transition temperature (Tt) and
pressure (Pt) were chosen as the maximum
values29,30 for the solid-liquid transition in N2.
Using the values of the coefficients of
(T,P)
(Table 2), we first calculated the temperature and

(Ref.30)
P(GPa)
1.5
5.6
10.0
13.9
18.3
21.5
29.2
36.3
42.8
50.2
57.3
65.0
71.8
79.4

(12)

(10)

respectively, for the solid-liquid transition in N2.
The free energy FS (Eq.1) of the solid phase can
be written in terms of the coefficients a2, a3 and a4
through Eq.(5) as

Fs =

427

(Ref.29)
P(GPa)
816.0
856.1
888.2
987.2
1078.0
1182.3
1227.6
1270.5
1342.6
1449.4
1521.6
1556.3
1556.2
1623.0

T(K)
15.9
16.8
18.1
20.0
24.4
27.0
30.8
31.2
35.5
41.2
44.6
45.8
48.8
52.6
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Table 1 (continued)
87.1
94.2
100.4
106.9

1882.3
1937.1
1937.5
1972.7

1692.4
1713.7
1748.2
1769.4

57.8
60.5
67.2
74.3

Table 2
Values of the coefficients a2, which were obtained by fitting Eq.(14) (a2=0) to the experimental T-P data for the solid N2-liquid
N2 transition29,30 within the temperature and pressure intervals indicated. Values of the transition temperature (Tt) and pressure
(Pt) in Eq.(14), are also given here
Tt
(K)

Pt
(GPa)

a20
(GPa)

a21x10-2
(GPa/K)

a22x10-5
(GPa/K2)

Temperature
Interval (K)

Pressure Interval
(GPa)

Ref.

1769.4
1972.7

74.3
106.9

-8.70

8.80

3.90

11.29

11.34

3.59

816.0<T<1769.4
241.0<T<1972.7

15.9<P<74.2
1.5<P<106.9

29
30

1,1
1,0
0,9
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Fig. 2(a) – Variation of the order parameter ψ (normalized) with the
temperature at the transition pressures of Pt =74.3 GPa and Pt=106.9 GPa by
using the observed T-P data (circles)30 and (squares),29 respectively, for the
solid –liquid transition in N2 according to Eq.(5) through Eq.(14).
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Fig. 2 (b) – Variation of the order parameter ψ (normalized) with the pressure
at the transition temperatures of Tt =1769.4 and Tt=1972.7 K by using the
observed T-P data (circles)30 and (squares)29 respectively, for the solid–liquid
transition in N2 according to Eq.(5) through Eq.(14).
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Fig. 3 (a) – Inverse susceptibility

of the order
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12

parameter ψ as a function of temperature at the
transition pressures of Pt = 74.3 GPa and Pt = 106.9 GPa
by using the observed T-P data (circles)30 and
(squares)29 respectively, for the solid–liquid transition
in N2 according to Eq.(8).
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Fig. 3 (b) – Inverse susceptibility

χψ-1

8

of the order

parameter ψ as a function of pressure at the transition
temperature of Tt = 1769.4 K and Tt = 1972.7 K by
using the observed T-P data (circles)30 and (squares)29
respectively, for the solid–liquid transition in N2
according to Eq.(8).
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Fig. 4 – Entropy S (normalized ) calculated from the free
energy (Eq.11) as a function of temperature at the
transition pressures of Pt = 74.3 GPa and Pt = 106.9 GPa
by using the observed T-P data (circles)30 and (squares)29
respectively, for the solid –liquid transition in N2.
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From the entropy S, the heat capacity
Cv(normalized) was calculated at various
temperatures (P = Pt), as plotted in Fig. (5) for the
solid-liquid transitions in N2. Similarly, we also
calculated the temperature dependence of the

thermal expansion
(Fig. 6) and the isothermal
compressibility κT (Fig. 7) according to Eqs.(12)
and (13), respectively, for the solid- liquid
transition in N2.
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Fig. 5 – Heat capacity Cv (normalized ) calculated from
the free energy (Eq.11) as a function of temperature at the
transition pressures of Pt = 74.3 GPa and Pt = 106.9 GPa
by using the observed T-P data (circles)30 and (squares)29
respectively, for the solid –liquid transition in N2.
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Fig. 6 – Thermal expansion

(normalized) as

0,6

αp/αp0

function of temperature at the transition pressures of
Pt = 74.3 GPa and Pt = 106.9 GPa using the observed
T-P data (circles)30 and (squares)29 respectively, for
the solid–liquid transition in N2 according to Eq.(12).
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Fig. 7 – Isothermal compressibility κT (normalized) as a
function of temperature at the transition pressures of
Pt = 74.3 GPa and Pt = 106.9 GPa by using the T-P data
(circles)30 and (squares)29 respectively, for the solid–liquid
transition in N2 according to Eq.(13).
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DISCUSSION
A mean field model with the cubic term (Eq.1)
was employed to calculate the thermodynamic
quantities of the order parameter ψ(T,P)
(T,P)
(Figs. 2a,b), the inverse susceptibility

(Figs. 3a,b), entropy S (Fig. 4), heat capacity Cv
(Fig. 6) and
(Fig. 5), thermal expansion
isothermal compressibility κT (Fig. 7) for the solidliquid transition in nitrogen. In a wider temperature
and pressure region, calculated (T,P) decreases

Fluid-solid transition

smoothly with the lower values as the temperature
or pressure increases, which we obtained by using
the observed T-P data30 in comparison with the one
decreasing with the larger slope, that was
calculated from the experimental T-P data,29 as
shown in Fig. (2a,b). Almost linear decrease of the
inverse susceptibility
with increasing
temperature and pressure (Figs.3a,b) and, a large
increase in the entropy S (Fig. 4), in the heat
capacity Cv (Fig. 5), in the thermal expansion
(Fig.6) and in the isothermal compressibility κT
(Fig. 7) with increasing temperature in particular,
close to the melting point, indicate a first order
liquid-solid transition in nitrogen. This is
associated with a sharp drop in the melting slope
which also indicates the appearance of a liquid
denser than the solid and of a liquid- liquid phase
transition.31 As stated above, for the calculation of
the thermodynamic quantities, we used two sets of
experimental T-P data29,30 for the first order solidliquid transition in N2 . For the Cv (Fig. 5) and
(Fig. 6), and κT (Fig. 7), we obtained nearly the
same values up to about 1400K by using both the
observed T-P data29,30 in a large temperature
interval ( ~200 to 1400 K),(for Cv, the temperature
range from ~1150 to 1400 K). They exhibit similar
critical behavior and above about 1400K, those
and κT) show
thermodynamic quantities (Cv,
anomalous behavior close to the melting point in
N2. This critical behavior of the heat capacity (Cv)
,thermal expansion (αP) and the isothermal
compressibility (κT) indicates that the first order
solid-liquid transition in nitrogen can be described
adequately by the mean field model with the cubic
term in the order parameter ( ) in the free energy
expansion (Eq.1).
CONCLUSIONS
The thermodynamic quantities of the order
parameter inverse susceptibility, entropy, heat
capacity, thermal expansion and the isothermal
compressibility were calculated as a function of
temperature for the solid-liquid transition in
nitrogen using the Landau phenomenological
model. We also calculated the pressure dependence
of he order parameter and the inverse
susceptibility. The observed T-P data from the
literature were used for this calculation. A
continuous decrease of the order parameter and
almost a linear decrease of the inverse
susceptibility with the increasing temperature and
pressure were obtained toward the melting point in
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this crystal. We also find that the entropy, heat
capacity, thermal expansion and isothermal
compressibility show an anomalous behavior in
the vicinity of the melting point ,which can be
described adequately with
the Landau
phenomenological model with the cubic term ( in
the order parameter) for the first-order solidliquid transition in nitrogen. This suggests that the
critical behavior of the thermodynamic quantities
can be predicted from the observed phase diagrams
(T-P or T-X ) of various crystalline materials close
to their solid-liquid transitions as we studied here
for nitrogen.
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