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Three-dimensional advection-diffusion equation is estimated in a capping 

inversion layer where the turbulent eddy diffusivity is as function of power 

law of vertical height and downwind distance from the source. A theoretical 

solution of the resulting diffusion equation with the relevant boundary 

conditions has been estimated using the turbulent eddy diffusivity using the 

method of Eigen-function expansion. Also, Gaussian plume model, the 

advection-diffusion equation and its hermiticity equation in a capping 

inversion layer are calculated. The predicted model, Gaussian and the 

hermitized of the advection-diffusion equation have been evaluated comparing 

with observed data from Egyptian Atomic Energy Authority experiment in 

moderately unstable conditions. The proposed models are discussed 

qualitatively as well as quantitatively.  

 

 
INTRODUCTION 

It is known that the inversion layer at the top of 

planetary boundary layer (PBL),  which simply 

reflects the material reaching the inversion base.1,2 
The previous work was used unbounded diffusion 

of plume in the vertical direction 3–5.  

Semi theoretical solutions of the advection-

diffusion equation are Gaussian and non-Gaussian 

plume models. The above equation in three 

dimensions is solved by separation of variables 

technique to obtain normalized pollutant 

concentration by.6–8  

In this work, the advection-diffusion equation in 

three dimensions with capping inversion layer 

considering the vertical eddy diffusivity as a 

function of power law of vertical height and 

horizontal distance, its hermiticity, and a semi 

analytical Gaussian plume model in capping 

inversion are estimated. The four proposed models 

are compared with experimental data which are 

taken from Egyptian Atomic Energy Authority in 

unstable condition. 

METHODOLOGY 

Diffusion-equation 

The diffusion-equation in two dimensions is 

𝑢
𝜕𝐶𝑦(𝑥,𝑧)

𝜕𝑥
=

𝜕

𝜕𝑧
(𝑘𝑧

𝜕𝐶𝑦(𝑥,𝑧)

𝜕𝑧
)  (1) 

where, 𝐶𝑦(𝑥, 𝑧) is the crosswind integrated 

concentration of pollutants. Eq. (1) is estimated 

using the boundary conditions as follows: 
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a) The condition of null flux is applied at surface 

and at the mixing height. 

𝑘𝑧
𝜕𝐶𝑦

𝜕𝑧
= 0      at    𝑧 = 0, ℎ (2a) 

b) The mass continuity is used. 

𝑢𝐶𝑦(0, 𝑧) = 𝑄𝛿(𝑧 − ℎ𝑠),    at 𝑥 = 0  (2b) 

where, h is the inversion height of the atmospheric 

boundary layer (ABL) (m), 𝑄 is the emission rate 

(g/s) or (Bq/s), hs is a stack height (m) and 𝛿 is a 

Dirac delta function.   

c)The concentration in the crosswind direction 

tends to zero at z →∞ 

𝐶𝑦(𝑥, 𝑧) → 0         at 𝑧 → ∞  (2c) 

d) The crosswind integrated concentration 

vanishes at the inversion height 

𝐶𝑦(𝑥, 𝑧) = 0         at 𝑧 = ℎ  (2d) 

Considering the height of ABL (h) is discredited 

into N sub-interval layers such that within each 

interval, 𝑘𝑧and u are taken as average values.9 Then 

the analytical solution of Eq. (1) has the form for 

every sub-interval zn< z < zn+1 of the following 

type.10,11 

𝑢𝑛(𝑧)
𝜕𝐶𝑦(𝑥,𝑧)

𝜕𝑥
= 𝑘𝑛(𝑧)

𝜕2𝐶𝑦(𝑥,𝑧)

𝜕𝑧2    (3) 

where, 

𝑘𝑛(𝑧) =  
1

𝑧𝑛+1 − 𝑧𝑛
∫ 𝑘𝑛(𝑧)

𝑧𝑛+1

𝑧𝑛

 𝑑𝑧 

𝑢𝑛(𝑧) =  
1

𝑧𝑛+1 − 𝑧𝑛
∫ 𝑢𝑛(𝑧)

𝑧𝑛+1

𝑧𝑛

 𝑑𝑧 

for, 𝑧𝑛 ≤ 𝑧 ≤  𝑧𝑛+1, n = 1: N 

Let the general solution of Eq. (3) as follows: 

𝐶𝑦(𝑥, 𝑧) = 𝑋(𝑥)𝑍(𝑧)   (4) 

Substituting from Eq. (4) in Eq. (3), one gets:  

1

𝑋(𝑥)

𝑑𝑋(𝑥)

𝑑𝑥
=

𝑘𝑛

𝑢𝑛 𝑍(𝑧)

𝑑2𝑍(𝑧)

𝑑𝑧2 =  −𝜆𝑙
2 (5) 

where, 𝜆2 is a constant. Eq. (5) divides into two 

equations as follows: 

𝑑𝑋(𝑥)

𝑑𝑥
= − 𝜆𝑙

2𝑋(𝑥)   (6a) 

𝑑2𝑍(𝑧,ℎ𝑠)

𝑑𝑧2 =  − 
𝑢𝑛𝜆𝑙

2

𝑘𝑛
  𝑍(𝑧)  (6b) 

The solutions of Eqs. (6a and 6b) have the form: 

𝑋(𝑥) = 𝑐𝑒−𝜆𝑙
2𝑥    (7) 

𝑍(𝑧) = 𝐴1cos (𝜆𝑙𝑧√
𝑢𝑛

𝑘𝑛
) + 𝐴2   sin (𝜆𝑙𝑧√

𝑢𝑛

𝑘𝑛
) (8) 

 

where, c, 𝐴1 𝑎𝑛𝑑 𝐴2 are constants. Then Eq. (4) 

becomes as follows: 

 

𝐶𝑦𝑛(𝑥, 𝑧) = 𝑐 𝑒−𝜆𝑙
2𝑥𝐴1𝑐𝑜𝑠 (𝜆𝑙𝑧√

𝑢𝑛

𝑘𝑛
) + 𝑐 𝐴2  𝑒−𝜆𝑙

2𝑥  𝑠𝑖𝑛 (𝜆𝑙𝑧√
𝑢𝑛

𝑘𝑛
)  (9) 

 

By using the condition of Eq. (2a) on Eq. (9) at 

z=0 and z=ℎ, one gets 𝐴2 = 0 and 𝜆𝑙 =
𝑙𝜋√

𝑘𝑛
𝑢𝑛

ℎ
 , 

𝑙 = 0,1,2, . .. 
Then, Eq. (9) becomes as follows: 

𝐶𝑦𝑛(𝑥, 𝑧) = ∑ 𝐵𝑙𝑒−𝜆𝑙
2𝑥𝑐𝑜𝑠 (

𝑙𝜋

ℎ
𝑧)∞

𝑙=0  (10) 

where, 𝐵𝑙 = 𝑐 𝐴1 ,   Using the condition Eq. (2b) and 

Eq. (10), one gets: 

 

𝐵0 =
2𝑄

ℎ𝑢𝑛
, 𝐵𝑙 =

2𝑄

ℎ𝑢𝑛
𝑐𝑜𝑠 (

𝑙𝜋

ℎ
ℎ𝑠) ,    𝑙 = 1,2,3, … 

then  

 

𝐶𝑦(𝑥, 𝑧) =
2𝑄  

ℎ𝑢𝑛
[1 + ∑ 𝑒

−
(𝑖𝜋)2

h2 (
𝑘𝑛𝑥

𝑢𝑛
)
cos (

𝑖𝜋ℎ𝑠

ℎ
) cos (

𝑖𝜋𝑧

ℎ
)∞

𝑖=1 ]   (11) 

and then the capping concentration is obtained in three dimensions as follows: 

𝐶(𝑥, 𝑦, 𝑧) =
2𝑄  

√2𝜋𝜎𝑦ℎ𝑢𝑛
[1 + ∑ 𝑒

−
(𝑖𝜋)2

h2 (
𝑘𝑛𝑥
𝑢𝑛

)
cos (

𝑖𝜋ℎ𝑠

ℎ
) ∑ cos (

𝑖𝜋(𝑧−2𝑁ℎ)

ℎ
)5

𝑁=−5
∞
𝑖=1 ] 𝑒

− 
𝑦2

2𝜎𝑦
2
   (12) 

𝐶(𝑥, 𝑦, 𝑧) =
2𝑄  

√2𝜋𝜎𝑦ℎ𝑢𝑛
[1 + ∑ 𝑒

−
(𝑖𝜋)2

ℎ2 (
𝑘𝑛𝑥

𝑢𝑛
)
𝑐𝑜𝑠 (

𝑖𝜋ℎ𝑠

ℎ
) ∑ 𝑐𝑜𝑠 (

𝑖𝜋(𝑧−2𝑁ℎ)

ℎ
)5

𝑁=−5
∞
𝑖=1 ] 𝑒

− 
𝑦2

2𝜎𝑦
2 − 

𝜀 𝑥
𝑢

    (13) 
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where, 𝑒− 
𝜀𝑥

𝑢 is the decay of radioactive for the 
specified nuclide, 𝜀=2.9x10-5 s-1.  h is the 
inversion height or the PBL depth and summation is 
implied over all the integer values of N = 0, 
±1, ±2, 𝑎𝑛𝑑𝑠𝑜𝑜𝑛. All the image sources with 
heights greater than h are represented by positive 
values of N, while image sources with heights less 
than – h are represented by negative values of N. 
The above series is found to converge rapidly and, 
for all practical purposes, terms involving N up to 
±5, might be sufficient to base as reflecting surfaces 
and considering image sources located at all the 
mirror image points.1  

Such that the values of 𝑢𝑛 and 𝑘𝑛for layer 
number n are taken through different stabilities in 
two ways as follows: 

a) Taking 𝑢𝑛  is a constant, kn is as function of 
power law of vertical height to calculate the 
concentration in three dimensions by separation of 
variable technique. One assumes that: 12  

𝑘𝑛(𝑧) = 𝛾𝑧𝑚 ,               𝑧 ≠ 0  (14) 

where, 𝛾 = 0.16(𝑤∗/𝑢)2, 𝑤∗ is the convective 

vertical scale velocity (m/s) and m is the intensity 

number which depends on the stability 

conditions.  

Also, taking the vertical eddy diffusivity as a 

function of downwind distance.12  

b) Taking 𝑘𝑛 = 𝛾𝑢𝑛  𝑥   (15)                

Gaussian model 

One knows that PBL is always capped by 

inversion, which reflects the material reaching the 

inversion base. The effect of capping inversion 

simply by treating both the surface and inversion 

were considering base as reflecting surfaces and 

considering image sources located at all the mirror 

image points.  

Considering such multiple reflective the 

concentration field due to an elevated continuous 

point source in the PBL is in the form:1 

 

𝐶̅(𝑥, 𝑦, 𝑧) =  
𝑄

2𝜋𝑢𝜎𝑦𝜎𝑧 
𝑒𝑥𝑝 (

−𝑦2

2𝜎𝑦
2) ∑ {𝑒𝑥𝑝 [−

(𝑧−𝐻−2𝑁ℎ)2

2𝜎𝑧
2 ] + 𝑒𝑥𝑝 [−

(𝑧+𝐻−2𝑁ℎ)2

2𝜎𝑧
2 ]}5

𝑁=−5 𝑒−
𝜀𝑥

𝑢          (16) 

 

The effective stack height is H; 𝐻 = ℎ𝑠 +

∆ℎ   where, ∆ℎ is the plume rise, u is mean wind 

velocity, y and z are the crosswind and vertical 

coordinates, respectively. 

DuwhhhH
ss

)/(3+=+=
        

(17)
 

where, w is the exit velocity of the pollutants, and D 

is the internal diameter of the stack. 

One may assume that concentration becomes 

uniform, independent of height and horizontal 

distance from the source. The assumption of 

Gaussian distribution in the lateral direction and the 

mass continuity condition yields: 

𝐶̅(𝑥, 𝑦) =  
𝑄

(2𝜋)0.5𝑢𝜎𝑦ℎ
𝑒𝑥𝑝 (

−𝑦2

2𝜎𝑦
2)  (18) 

and 

𝐶0̅(𝑥, 0,0) =  
𝑄

2𝜋𝑢𝜎𝑦𝜎𝑧 
   (19) 

where, 𝐶0̅ denotes the centerline concentration at 

ground level (G. L. C.).  Note that at very large 

distance (𝑥 >> 𝑥ℎ) from the stack, the 

concentration at the plume and hence, 𝐶0̅  becomes 

independent of the release height. Eq. (3) was 

corrected for any release height between ground 

surface and inversion height h and 𝑥 > 2𝑥ℎ  by.13 

The product of (𝑢̅ℎ) of the average wind velocity 

across the plume and the mixing height is the 

ventilation factor, because G. L. C. is inversely 

proportional to this factor.  

Hermitized diffusion-equation 

          An attempt is made to generalize the 

diffusion operator which can be obtained from the 

reliability procedure. Mathematical model for 

hermitized atmospheric dispersion in low winds 

diffusivities as linear functions of downwind 

distance was studied by14 as follows: 

 

                          𝐶(𝑥, 𝑦, 𝑧) =
𝑄

𝑈𝜋𝑥2√𝛽𝛾
∑ [1 +

𝛼

𝑥2 (
𝑦2

𝛽
+

(𝑧−2𝑁ℎ)2

𝛾
)]5

𝑁=−5

−(
1

𝛼
+1)

𝑒−
𝜖𝑥

𝑢              (20) 
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where, Q is the rate of emission (g/s) or (Bq/s), x, y 

and z are horizontal, crosswind and vertical 

directions respectively, u is the wind speed (m/s) 

and α, β and γ are the turbulence numbers can be 

expressed as: 

𝛼 = 𝛽 = 0.31(𝑤∗/𝑢)2,   𝛾 = 0.16(𝑤∗/𝑢)2  (21)       

where, w* is the convective vertical velocity (m/s). 

Presentation of the data field and discussion  

The observed data of I135 isotope concentration 

was obtained from dispersion as experiments 

conducted in unstable condition air samples which 

were collecting around the Egyptian Atomic Energy 

Authority at height is 0.7 m above ground from a 

stack height 43 m, for twenty-four hours working. 

The air samples were collected during half hour 

with a roughness length of 0.6 cm. 

RESULTS AND DISCUSSION  

The expressions for the standard deviations σy 

and σz representing the intensity of turbulence and 

dispersion within the atmosphere as shown as in 

Table 1. The meteorological data during the 

experiments are taken from15 is presented in  

Table 2. The measured concentration and proposed 

concentrations by Eqs. (13), (16) and (20) below the 

plume centerlines of I135 isotope are presented in 

Table 3. The comparing between proposed and 

observed concentrations of radioactive I135 via 

downwind distance in unstable condition at Inshas 

is shown in Fig. 1, also, the relation between 

predicted and observed concentration data is shown 

in Fig. 2.  

The data of capping Gaussian plume model was 

calculated from Eq. (16) are the same mimics as 

observations concentration data I135 because of the 

homogeneity of the data, then, the proposed capping 

model using Eqs. (13,14) after that the hermitized 

Eq. (20) and the fewest accuracy is proposed 

capping model Eqs. (13,15) as shown as in Fig. 1. 

Also, all the proposed concentration lay inside a 

factor of two. Also hermitized Eq. (20), Gaussian 

plume model Eq. (16), predicted Eqs. (13,14) and 

predicted Eqs. (13,15) of capping models achieved 

89%, 86%, 82% and 78% respectively as shown in 

Fig. 2.  

  

Table 1 

Shows the crosswind and vertical standard deviations values through different stabilities 

Stability classes Values of  𝜎𝒚 Values of  𝜎𝒛 

A  𝜎𝒚 = 0.40𝑥0.91 𝜎𝒛 = 0.41𝑥0.91 

B  𝜎𝒚 = 0.40𝑥0.91 𝜎𝒛 = 0.41𝑥0.91 

C  𝜎𝒚 = 0.36𝑥0.86 𝜎𝒛 = 0.33𝑥0.86 

D  𝜎𝒚 = 0.32𝑥0.78 𝜎𝒛 = 0.22𝑥0.78 

 

where, A is extremely unstable, B is modularity unstable,  C is slightly unstable and D is neutral condition. 

 
Table 2 

Nine convective test runs at Inshas site from March to May 2006 

Run 

no. 

Working 

hours of 

the source 

Release rate 

(Bq) 

Wind 

speed 

)1–(m s 

Wind  

direction 

(deg) 

 *W 

)1–(ms 

P-G 

stability 

class 

h 

(m) 

Vertical 

distance 

(m) 

1 48 1028571 4 301.1 2.27 A 600.85 5 

2 49 1050000 4 278.7 3.05 A 801.13 10 

3 1.5 42857.14 6 190.2 1.61 B 973 5 

4 22 471428.6 4 197.9 1.23 C 888 5 

5 23 492857.1 4 181.5 0.958 A 921 2 

6 24 514285.7 4 347.3 1.3 D 443 8.0 

7 28 1007143 4 330.8 1.51 C 1271 7.5 

8 48.7 1043571 4 187.6 1.64 C 1842 7.5 

9 48.25 1033929 4 141.7 2.1 A 1642 5.0 
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Table 3 

Observed, Gaussian and proposed concentrations for Run 9 experiments 

Run 

no. 

Downwind 

distance (m) 

Observed  

(Bq/m3)  

Gaussian 

Eq.(16) 

)3(Bq/m 

Predicted 

Eqns.(13,15) 

 (Bq/m3) 

Predicted 

Eqns.(13,14)  

(Bq/m3) 

Predicted 

Eq. (20 )  

(Bq/m3) 

1 100 0.025 0.020 0.024 0.021 0.019 

2 98 0.037 0.033 0.043 0.014 0.036 

3 136 0.091 0.083 0.046 0.057 0.065 

4 135 0.197 0.166 0.236 0.213 0.355 

5 106 0.272 0.218 0.158 0.172 0.147 

6 186 0.188 0.166 0.195 0.250 0.175 

7 165 0.447 0.360 0.326 0.216 0.298 

8 154 0.123 0.151 0.048 0.165 0.154 

9 106 0.032 0.021 0.0252 0.046 0.014 

 

Table 4 

Comparison between Gaussian, predicted capping, hermitized and observed concentrations in unstable condition 

 NMSE FB COR FAC2 

Gauss. Eq. (16) 0.07 0.15 0.99 0.86 

Pred. Eqs. (13,15) 0.21 0.25 0.92 0.78 

Pred. Eqs. (13,14) 0.39 0.20 0.77 0.82 

Hermitized Eq. (20) 0.33 0.11 0.78 0.89 
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Fig. 2 – The achieving between Gaussians, hermitized, two predicted concentrations with observed concentration. 

 

STATISTICAL TECHNIQUE 

Comparing between Gaussian, proposed and 

observed concentrations is introduced by,16 where, 

NMSE is the Normalized Mean Square Error, FB is 

the Fraction Bias, COR is the Correlation 

coefficient and FAC2 is the Factor of Two. 

One can see easily from Table 4, the entire 

proposed model inside a factor of two with observed 

concentration data. Also, the statistical shows that 

the Gaussian capping Eq. (16) is the best for NMSE, 

FB, COR and FAC2 then, the proposed capping 

model Eqs. (13,15), then hermitized Eq. (20) and the 

fewest accuracy is proposed capping model Eqs. 

(13,14) for homogeneity.  

CONCLUSIONS 

The goal of this work, the capping Gaussian 

plume model and two capping predicted models 

using advection-diffusion equation considering the 

linearity and power law of vertical height, 

hermitized diffusion-equation are comparing with 

observed concentrations data of Iodine-135 (I135) 

which are taken from Egyptian Atomic Energy 

Authority. The data of capping Gaussian plume 

model was calculated are the same mimics as 

observations concentration data I135 because of the 

homogeneity of the data, then, the proposed capping 

model using Eqs. (13,14) after that the hermitized 

Eq. (20) and the fewest accuracy is proposed 

capping model Eqs. (13,15) as shown as in Fig. 1. 

Also, all the proposed concentration lay inside a 

factor of two. Also hermitized Eq. (20), Gaussian 

plume model Eq. (16), predicted Eqs. (13,14) and 

predicted Eqs. (13,15) of capping models achieved 

89%, 86%, 78% and 82% respectively as shown in 

Fig. 2.   

Also, the statistical method shows that the entire 

proposed model inside a factor of two with observed 

concentration data. Also, the statistical shows that 

the Gaussian capping Eq. (16) is the best for NMSE, 

FB, and COR then, the proposed capping model 

Eqs. (13,14), then hermitized Eq. (20) and the 

fewest accuracy is proposed capping model Eqs. 

(13,15) for homogeneity.  

ABBREVIATIONS AND ACRONYMS 

I135            : Iodine-135  

PBL          : Planetary Boundary Layer 

 FB           : Fraction-Bias  

NMSE      : Normalized Mean-Square-Error 

COR         : Correlation-Coefficient  

FAC2        : Factor of Two 
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